A massive U (1) gauge boson, "dark photon" or A , has long been proposed as a potential explanation of the muon g − 2 anomaly (gµ − 2). However, recent experimental results have excluded this possibility for a dark photon exhibiting exclusively visible or invisible decays. In this work we consider an inelastic dark matter (iDM) model where A couples directly to dark matter and an excited dark sector state, leading to a more exotic decay topology, which we refer to as a semi-visible decay. For large mass splittings between the dark sector states this decay mode is enhanced, weakening the invisibly decaying dark photon bounds. As a consequence, A can account for the discrepancy between the gµ −2 theory calculation and experimental measurement, in a region of parameter space the thermal dark matter component of the Universe is readily explained. Interestingly, it is possible that the semi-visible events we discuss may have been vetoed by experiments searching for invisible dark photon decays. A re-analysis of the data and future searches may be crucial in uncovering this exotic decay mode or closing the window on the dark photon explanation of the gµ − 2 anomaly.
INTRODUCTION
The anomalous magnetic moment of the muon a µ ≡ (g µ − 2)/2 remains to this day one of the few outstanding problems in particle physics. A difference between theory and experiment of ∆a µ ≡ a 
has resulted in a ∼ 3.7σ discrepancy [1, 2] which is yet to be understood. While impressive agreement has existed between the Standard Model (SM) prediction and measurements on the electron's anomalous magnetic moment a e [3] , a recent improvement in the determination of the fine structure constant α from atomic Cesium measurements [4] has pushed the discrepancy in ∆a e from ∼ 1.7σ to ∼ 2.4σ with opposite sign to that of the muon [5] [6] [7] 1 .
Crucially, in the case of the muon, important progress from both experiment and theory lies in the near future. The upcoming Fermilab E989 [10] and J-PARC E34 [11] experiments will attempt to lower the uncertainty of the BNL E821 result by a factor of ∼4. In parallel, progress on the SM theory side is expected to lower the corresponding theoretical uncertainties [12] [13] [14] . Finally, it is now well known that leptonic moments can be exquisite probes of beyond the SM (BSM) physics [15] . In this Letter, we revisit the "dark photon" -a light U (1) vector boson explanation of the g µ − 2 anomaly [8] and outline a way to test it in the near future. Dark photon phenomenology has been studied quite extensively in the * email:gmohlabeng@bnl.gov 1 We note here that the contribution of the dark photon to lepton magnetic moments is positive [8] . Therefore it cannot simultaneously explain the negative ge − 2 and positive gµ − 2 anomalies outlined above. For a possible model which allows an explanation for both anomalies we refer the reader to Ref. [9] literature and constraints from various experimental programs have been placed on its mass and coupling ( ) to the SM. Searches for dark photons that can explain g µ −2 have looked for resonant production and decay of these. Therefore, one must make an assumption on the decay modes;
• Visible decays: There has been tremendous interest over the last decade, and two kinds of searches have been pursued. The first possibility to be studied was visible decays of the new U (1) boson into SM leptons. This possibility has been decisively excluded in the recent past by a host of experiments [16] [17] [18] [19] [20] [21] . The last window for a dark photon explanation was closed by the NA48 experiment via rare η → γA decays [20] .
• Invisible decays: The dark photon could instead decay into invisible states, such as Dark Matter (DM). Such a possibility is particularly intriguing, as these models can readily explain the DM's observed relic abundance through freeze-out [22] . Here, typical searches for the dark photon look for missing energy or missing mass. The last window for a dark photon explanation to g µ − 2 was closed in 2017 by the NA64 [23] , and BABAR [24] experiments.
Here we examine a third possibility, namely the scenario where there exist dark sector states charged under some dark symmetry. If the symmetry is spontaneously broken, these states could have both dark symmetry preserving and breaking mass terms. In the limit that the symmetry breaking mass term is smaller than the preserving term, the dark sector states could exhibit off-diagonal interactions with the dark photon 2 . The heavier eigenstate can decay into the lighter state in conjunction with some visible SM states. In Fig. 1 we illustrate how the dark photon may decay if it couples inelastically to two dark sector states χ 1 and χ 2 , where the χ 1 state is stable and forms the thermal DM component in the Universe. We refer to the decay in Fig. 1 as the semi-visible decay mode of the dark photon.
MODEL SETUP
In this study we consider the model introduced in Ref. [26] , in which the dark sector and the SM are connected by a massive gauge boson (A ) charged under a U (1) extension of the SM. The most general renormalizable Lagrangian contains
After re-defining away the kinetic mixing term and electroweak symmetry breaking, in the mass basis we have
where ≡ Y cos θ W is the kinetic mixing parameter, q f is the charge of the SM fermion f , and F µν and F µν are the field strengths for the SM photon and dark sector photon ("dark photon") after symmetry breaking respectively. In this work we focus on fermionic dark sector states Ψ, which in general can couple to a dark scalar h D through a gauge-invariant Yukawa coupling of the form y D h DΨ c Ψ. After dark symmetry breaking, we obtain a Majorana mass term y D h D Ψ c Ψ, in addition to the symmetry-preserving Dirac mass term m DΨ Ψ. Expressing the Dirac fermion field Ψ in terms of Weyl fermions η ξ † , the mass terms are given by
In the mass basis, the mass eigenstates χ 1 and χ 2 will be linear combinations of η and ξ. We thus obtain
where g D ≡ √ 4πα D is the dark gauge coupling. The general case m η = m ξ gives rise to both inelastic and elastic terms in the vector current, whereby the dark matter state χ 1 and the "excited" state χ 2 , with mass splitting ∆ ≡ m χ2 − m χ1 , couple dominantly off-diagonally to the dark photon. However there is also a subdominant diagonal coupling, containing i=1,2χ i / A χ i . Hence the early Universe DM abundance is set by the annihilation of χ 1 as well as co-annihilation of χ 1 and χ 2 states. This case of a diagonal coupling (Dirac fermion DM) where the thermal relic abundance is set by the annihilation of χ 1 , is robustly excluded by CMB data for m DM < 10 GeV [27] . Thus we focus primarily on the scenario in which m η = m ξ such that there is only an offdiagonal inelastic coupling between χ 1 , χ 2 and the dark photon (Pseudo-Dirac DM). Here the relic abundance is set by the co-annihilation of χ 1 and χ 2 as well as downscattering and decay of χ 2 into χ 1 and SM states, which are safe from CMB bounds (see Refs. [26, 28] for more detailed information).
RESULTS
The primary goal of this paper is to illustrate that in an iDM model with large mass splittings (∆ 40%) we can significantly weaken the existing limits such that the previously excluded 2σ dark photon explanation of the g µ −2 anomaly is still viable, and in a region of parameter space the thermal relic dark matter abundance is readily explained. To show this, we recast the invisibly decaying dark photon limits based on the following possibilities:
1. In a beam dump, χ 2 after it's production from prompt A decay, is long-lived and can travel a distance to the detector, decaying into χ 1 ff inside the detector. Alternatively, in a collider environment the dark photon may be produced through the reaction e + e − → γA , with a subsequent prompt decay A → χ 1 χ 2 . If χ 2 is long lived it will decay outside the detector, resembling a monophoton signature. On the other hand, χ 2 may be short lived enough to decay inside the detector. If the SM final states fall below the detector thresholds then the signal resembles a monophoton + / E T signature. However if the SM decay products are above the detector thresholds then such an event topology may give rise to displaced tracks as well as missing momentum in the final state. The probability for χ 2 to decay either inside or outside the detector is determined by its decay width which may be approximated as
Larger values of ∆ imply a higher probability of decaying inside the detector and possibly evading elastic DM bounds.
2. Either states χ 1,2 may up or down scatter in the detector material, producing a recoiling target signal.
To obtain the results in our analysis, we defined a representative dark photon model coupled to fermionic iDM using the Feynrules package [29] and carried out all model simulations using MG5 aMC@NLO [30] . In what follows we will discuss the existing constraints on the model space.
The BABAR detector was located at the SLAC PEP-II e + e − collider, running at ∼ 10 GeV center of mass energy. The experimental run concluded in 2008. However, data analysis can continue. In recasting the monophoton + / E T limit, we follow the analyses in Refs. [26, [31] [32] [33] with L = 53f b −1 as used in the recent experimental search [24] . For the monophoton + / E T + displaced lepton projection we require a monophoton trigger as well as a selection on two displaced leptons with momentum p 100 MeV. We also select events with transverse impact parameter between 1 cm and 50 cm and require a lepton reconstruction efficiency of 50% (see Refs. [26, 34, 35] for more details, whose prescription we have followed here). For future reach, we consider the BELLE II experiment in Japan, proposed to have a total integrated luminosity potential of 50 ab −1 [36] . We assume a dedicated BELLE II monophoton trigger and estimate its sensitivity by appropriately rescaling the BABAR result with the BELLE II luminosity.
In terms of beam dumps, we study the SLAC E137 experiment which delivered a 20 GeV electron beam onto an aluminum target placed ∼ 400 m from the detector [17] . Following the discussion in Refs. [22, 28, 37] , we recast the E137 limit based on a non-zero probability that χ 1,2 travelled to the detector and scattered off electron targets in the detector. Alternatively, χ 2 has some probability of surviving to the detector and decaying inside. For both signatures we require that the final state electrons have energy E e 1 GeV and fall within the detector's geometric acceptance. In addition to these experiments, the iDM signal may also show up at proton beam dumps, such as LSND [38] and MiniBooNE as well as at missing momentum experiments such as NA64, we briefly comment on these. LSND was a neutrino experiment at Los Alamos, producing a very high luminosity proton beam with N p ∼ N π 0 ∼ 10 22 (where N p and N π 0 are the number of protons and neutral pions respectively). The relatively lower beam energy (800 MeV) means the dark photon is produced dominantly from the reaction π 0 → γA . This implies that LSND constraints for both the scattering and decay signatures are kinematically limited by m χ1 + m χ2 ≡ 2m χ1 + ∆ < m π 0 . Here we focus on m A > m π 0 and therefore do not discuss LSND bounds further.
MiniBooNE on the other hand is a neutrino experiment currently operating at Fermilab with a high proton beam energy of 8 GeV. The larger beam energy implies A can be produced through dark bremsstrahlung, beyond the m π 0 threshold. The elastic dark matter scenario has been excluded in the g µ − 2 region, for a choice of α D [39, 40] . However the inelastic dark matter reach for MiniBooNE, from both scattering and decay, especially for large mass splittings is yet to be determined. We leave this interesting possibility for a future dedicated study. Finally, we comment on the NA64 reach on our parameter space. NA64 is a fixed target missing momentum experiment at the CERN SPS. A beam of ∼ 10 10 electrons is shot onto an active lead electromagnetic calorimeter (ECAL) target, producing A through dark bremsstrahlung. The ECAL triggers on missing momentum events and can search for the monophoton signature produced in the iDM model. Note that as ∆ → 0, χ 2 is long-lived. This is the elastic dark matter limit, giving rise to the invisible decay signature partially excluded by NA64 [23] in the g µ − 2 region. For large ∆ the probability for χ 2 to decay in the ECAL system is increased, which would in principle weaken the monophoton constraints from NA64. We will not comment further on the NA64 reach in the iDM model, but rather leave it for a future study.
In Fig. 2 , we plot the kinetic mixing parameter vs the dark photon mass m A , for benchmark values of ∆ = 0.4 m χ1 , m A = 3 m χ1 and α D = 0.1. On the left panel, the top grey shaded region represents the model independent upper bound extracted from electroweak precision observables at LEP and LHC [41, 42] . The lighter grey shaded area is the region excluded by the muon g-2 experiment at 5σ confidence level. The green shaded band bounded by the green dashed lines is the 2σ allowed region for the muon g-2 anomaly with the red solid line representing the central value [1, 8] . We also include limits from the anomalous magnetic moment of the electron taking into account the most recent determination of the On the right panel we include projections for a BELLE II monophoton search as well as a BABAR displaced track re-analysis. We also color the various experimental constraints in grey for clarity and to bring attention to our region of parameter space. See text for details on the various bounds and projections.
fine structure constant α [4] . We use the value of ∆a e = (−87 ± 36.3) × 10 −14 ,
derived in Ref. [9] . To set the bound from g e − 2, we require that the A contribution be no larger than 5σ from the central value (Eq. 7), in the positive direction, translating to a e < 1.09 × 10 −12 . For comparison we also include a more conservative bound of 3σ giving rise to a e < 2.2 × 10 −13 . Interestingly the conservative 3σ a e bound covers the 5σ excluded g µ − 2 region, but not the 2σ allowed region of interest in this work. The blue shaded region takes into account the bound from the SLAC E137 experiment [17] assuming up/downscattering of χ 1,2 with SM particles in the detector. The yellow shaded bound is a recast of the E137 result accounting for long-lived χ 2 particles traveling to and decaying inside the detector. The black line represents the thermal relic abundance of χ 1 requiring Ω χ1 h 2 ∼ 0.12 [43] . For larger values of m χ1 we take into account coannihilation to SM hadronic final states, hence the spikes in the higher mass region (please see Refs. [26, 28, 44] for more detailed information). The red shaded region represents the BABAR monophoton bound on our parameter space. In this region χ 2 is long-lived and decays outside the detector or maybe short-lived, but its decay products are below the BABAR thresholds, resembling a monophoton and missing energy signature. The decay width of χ 2 scales with ∆ as Γ χ2 ∼ ∆ 5 . For our parameter choices the region m A 100 MeV corresponds to large values of ∆, increasing the probability that χ 2 will decay inside the detector. Hence the BABAR monophoton limit is weakened in this region, opening up the 2σ favored explanation for g µ − 2. For clarity of our results, we represent all the bounds from the left panel, as the solid grey region in the right panel and include projections in our region of interest. A particularly striking indication of the semi-visible decay mode would be a monophoton + displaced track + missing energy signature which could be uncovered by a future re-analysis of the BABAR data. This is illustrated as the region bounded by the green dot-dashed lines and marked by the green arrows. Interestingly, both the g µ − 2 and thermal relic lines fall within this region. Finally, the darker red dashed bound is the projection for the BELLE II experiment, the arrow indicates the region of parameter space BELLE II is expected to cover.
In Fig. 3 we set as the central value required to explain the g µ − 2 anomaly (i.e. the central red line in Fig. 2) . On the left panel we plot the dark sector coupling α D as a function of m A , with m A = 3 m χ1 and ∆ = 0.4 m χ1 . The white region indicates the parameter space available, while the color shaded regions are excluded by the various experimental contraints as in Fig 2. For the parameter choices in this discussion, it is interesting to see that the iDM model can simultaneously explain the DM thermal relic abundance and g µ − 2 anomaly for 300 MeV m A 1 GeV. A BABAR displaced re-analysis would cover most of this parameter space, up to large values of α D where we start reaching perturbativity limits. On the right panel of Fig. 3 we plot the ratio of mass splitting ∆ to the DM mass m χ1 as a function of m χ1 , with α D = 0.5. Here the lighter grey region bounded by the horizontal dotted line at ∆/m χ1 ∼ 1 is a kinematic limit in which m χ1 + m χ2 > m A i.e. A is produced off-shell 3 . The unshaded area corresponds to the parameter space available for explaining the g µ − 2 anomaly. Also shown is the relic abundance line corresponding to a thermal relic χ 1 . The projected sensitivity of BELLE II in the parameter regions of Fig. 3 (with our choices of parameters) is nearly the same as the BABAR region and thus we do not include it. We see that for larger mass splittings and choices of α D , we are able to explain DM and g µ − 2 simultaneously. We also show that part of the available thermal relic space would be uncovered with a displaced track search at BABAR.
DISCUSSION AND CONCLUSIONS
In this work, we have shown that a dark photon coupled to inelastic dark matter may explain the ∼ 3.7 σ discrepancy observed in the anomalous magnetic moment of the muon, and the thermal dark matter of the Universe simultaneously. To illustrate this, we recast previous bounds on an invisibly decaying A and found that in the presence of large mass splittings, the BABAR monophoton limit is weakened, especially in the region the 2σ A explanation for the g µ −2 anomaly is allowed. Interestingly, the semi-visible decay channel we discuss here could be uncovered by a re-analysis of the current BABAR data, searching for a monophoton + displaced track + / E T signature, though admittedly it is not clear how complex this re-analysis may be. Furthermore, it would be interesting to investigate whether a recast of the NA64 [23, 45] , MiniBooNE [39, 40, 46] and NOνA [47] studies for invisible A decays would close off the allowed g µ − 2 window or leave it open; this possibility is left for future work. Finally, we note that future experiments such as LDMX [48] , BDX [49] (which have the potential to improve upon both E137 scattering and decay searches) as well as JSN S 2 , SeaQuest [50, 51] and possibly FASER [52] could be sensitive to this parameter region and either confirm or completely close the window on the dark photon explanation of the g µ − 2 anomaly.
